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1. INTRODUCTION
Basic characteristics of harmonically forced oscillatory
motion include frequency, damping and amplitudes of
displacement [9, 10, 11, 15]. In beams and frames with
flat webs, those directly depend on beam stiffness and
excitation force [7, 9, 10] as shown by FEM analysis
contained in a [1, 16]. In SIN girders, corrugated web
changes girder stiffness [2, 3, 8, 12, 13, 14], thus affect-
ing oscillatory motion parameters. On the other hand,
semirigid joints, commonly used in steel structures,
alter damping and vibrational frequency, which indi-
rectly changes girder integrated stiffness K, thus dif-
ferentiating the magnitude of displacement ampli-
tudes of forced vibration [4, 5, 6].
The analysis of harmonically forced oscillatory motion
of SIN girders with semirigid joints at the midspan was
carried out in accordance with assumptions made. The
analysis covered the performance of eight simply- sup-
ported girders. Those included simple and double-
slope girders, and also girders with inserts, made of
WTA 500/300×15 profiles, containing different types
of semirigid joints (Fig. 1).
In the first stage of investigations, using the vibration
measurement method, the rotational stiffness of semi-
rigid end-plate connections was determined [2, 3]. The
rotational stiffness of connections was estimated for
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A b s t r a c t
n girders with corrugated web, semirigid joints alter damping and vibrational frequency, which indirectly produces a change
in the integrated stiffness of girders K, thus diversifying the magnitude of displacement amplitudes of forced vibration
[4, 5, 6]. On the basis of investigations relying on the method of vibration measurements, rotational stiffness of semirigid
end-plate connections was determined [2, 3]. Using two viscoelastic material models, namely the Voigt–Kelvin and the
Hook–Voigt–Kelvin ones, an analysis of oscillatory motion of the eight SIN WTA 500/300×15 girders with semirigid joints
at the midspan of concern was made. The pattern of displacement amplitude of forced vibration was analysed. The effect of
variation in rotational stiffness of connections Sj on integrated stiffness of girders K and on damping was shown.
S t r e s z c z e n i e
W przypadku dźwigarów o falistym środniku połączenia podatne zmieniają tłumienie oraz częstość drgań co wpływa pośred-
nio na zmianę zintegrowanej sztywności dźwigarów K różnicując wielkość amplitudy przemieszczeń drgań wymuszonych
[4, 5, 6]. W związku z powyższym w pracy na podstawie badań korzystając z metody pomiaru drgań wyznaczono sztywności
obrotowe doczołowych połączeń podatnych [2, 3]. Korzystając z dwóch lepkosprężystych modeli materiału a mianowicie:
Voigta–Kelvina oraz Hooka–Voigta–Kelvina przeprowadzono analizę ruchu drgającego ośmiu swobodnie podpartych
dźwigarów SIN WTA 500/300×15 z połączeniami podatnymi w środku rozpiętości. Przeanalizowano zachowanie się ampli-
tudy przemieszczeń drgań wymuszonych. Pokazano wpływ zmiennej sztywności obrotowej połączeń Sj na zintegrowaną szty-
wność dźwigarów K oraz tłumienie.
K e y w o r d s : Semirigid end-plate connections; SIN-type girders with corrugated web; Viscoelastic material model.
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three different mass loads mi.
The next stage of investigations involved the analysis
of oscillatory motion of examined SIN girders, which
relied on two viscoelastic material models, namely
the Voigt–Kelvin model and the standard one. This
model of material is produced by combining, in
series, the Hook and Voigt–Kelvin models. The dif-
ferences that resulted from the application of the two
material models were demonstrated. Profiles of dis-
placement amplitudes of forced vibration were
analysed. The effect of variation in connection rota-
tional stiffness on damping magnitude, girder inte-
grated stiffness K, and thereby on amplitude magni-
tude in forced motion was shown. The analysis was
performed for different mass suspensions mi under
the action of assumed excitation force Po.
2. EXPERIMENTAL INVESTIGATIONS
INTO ROTATIONAL STIFFNESS
Rotational stiffness of semirigid end-plate connec-
tions which affect displacement amplitudes of forced
vibration was determined for girders with corrugated
web, as per Fig. 1, made of WTA 500/300×15 profiles
to full-size scale [17, 18].
Research models B-1, B-2, B-3, and also BD-1,
BD-2 and BD-3 were composed of two independent
shipment elements, arranged as mirror images of
each other. At the midspan, assembly end-plate joint
was used. Girders had static diagram of a simply sup-
ported beam having the span of 6.02 m. In BW-1 and
BW-2 models, an additional ridge element was used,
which produced a beam with the span of 6.56 m, with
double end-plate joint.
Rotational stiffness was determined for four types of
semirigid end-plate joints:1) with the corrugated web
in contact with the end-plate on both sides of the cw-
cw joint; 2) with a section of the flat web on one side
of the joint and the corrugated web in contact with
the end-plate on the other side of the pw-cw joint;
3) with a section of the flat web on both sides of the
pw-pw joint; 4) with sections of the flat web on each
of three sides of the pw-pw-pw joint.
Girder webs and flanges were made of S235 steel. In
the end-plate connections, Fig. 2, 30 mm thick end-
plates were employed. The 20 mm thick separator
plate B, found in f-f, p-f and p-p joints, was used to
suspend mass load mi. 10.9 grade M20 bolts used in
connection were preloaded, by means of a tension
wrench, with the tightening moment of Ms = 120 Nm.
That constituted approx. 11% of the allowable
strength of the bolt, owing to which end-plate con-
nections could be treated as semirigid.
In double-slope girders, namely BD-1, BD-2, BD-3
and BW-2, after bolting, end-plates did not show
assembly deviations with respect to the surfaces of
the joint. On the other hand, in B-1, B-2, B-3 and
BW-1 models, for the end-plate of the shipment
element with p-type ending, an assembly deviation in
the form of arch bending was observed. The
resistance of connections exceeded that of elements
meeting at the joint.
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Figure 1.
Analysed SIN girders with semirigid joints
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All the girders of concern were installed on the test
stand (Fig. 3) built from concrete uprights (1). Pin
non-movable (2) and movable (3) supports were
placed on the uprights. From girders, different mass
loads of 421kg, 1218 kg, and 2349 kg were suspended,
in succession, via spacer plate B (B and BD models)
and a rigid connection made from 120×120×15 (4)
angles. The girder, together with mass load mi sus-
pended from it, was point-supported, via a 30 mm
diameter steel ball, by a Ø50 tube going through the
large force plate.
The system consisting of the girder and a successive
mass load mi was set in vibration by a rapid removal
of the support of the mass load. In the tests, frequen-
cy, amplitude and acceleration of vertical, damped
free vibration of the girder – mass load system were
measured with the use of the vibration analyser (5).
On the basis of dynamic measurements, rotational
stiffness Sj of connections for successive mass loads
mi was determined from formula (1) [2]:
where: g – acceleration of gravity, ω – frequency of
undamped free vibration of the system.
Flexural displacement yM and shearing displacement
yV were obtained by means of theoretical estimation
from formulas (2):
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Figure 3.
Girder models on the test stand in vibration measurements with the mass of mi = 1218 kg a) BD-1; b) BW-1
Figure 2.
End-plate connections of SIN girders: a) cw-cw; b) pw-cw; c) pw-pw; d) pw-pw-pw
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where:
kred – reduced shear coefficient of the corrugated
web,
E – Young modulus,
G – shear modulus,
Iy – moment of inertia,
A – cross-sectional area of the girder.
Rotational stiffness results were smoothed with the
regression curve. Table 1 shows averaged rotational
stiffness results obtained from regression curves for
different types of joints [2].
3. ANALYSIS OF OSCILLATORY
MOTION OF SIN GIRDERS ACCORD-
ING TO THE VOIGT–KELVIN MODEL
In the first instance, the analysis of the oscillatory
motion of girders with corrugated web and semirigid
connections was performed according to the
Voigt–Kelvin model describing mechanical behaviour
of the material (Fig. 4b). In the model, displacement
is delayed with respect to the load applied, while
instantaneous girder deflection does not occur under
the applied load.
In the Voigt-Kelvin model, the differential equation
of displacement q(t) in harmonically forced oscilla-
tory motion excited by force Pocos(Ω t) has the form
(3) [10]:
where:
Po – excitation force,Ω – frequency of excitation,
K – stiffness of the system,η – viscosity coefficient,
t – time.
Solution of equation (3) takes on the form of overall
integral (4) describing the displacement of mass m of
the girder + mass load mi system, depending on the
initial values of displacement qo and velocity vo:
in which C1 and C2 denote integration constants, and
AV represents the sought amplitude of displacement
of mass m of the girder + mass load mi system in har-
monic vibration excited in the steady state in accor-
dance with the Voigt–Kelvin model. Amplitude AV
was determined from dependence (5) [2]:
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Figure 4.
a) Girder built of the Voigt–Kelvin material; b) model of the Voigt–Kelvin material
a b
Table 1.
Rotational stiffness of girder end-plate connections
Model Joint type
Rotational
stiffness
Sj
[kNm/rad]
1 2 10
B-1 WTA/500x300x15 cw-cw 129898
B-2 WTA/500x300x15 pw-cw 531934
B-3 WTA/500x300x15 pw-pw 577050
BD-1 WTA/500x300x15 cw-cw 221402
BD-2 WTA/500x300x15 pw-cw 254325
BD-3 WTA/500x300x15 pw-pw 270257
BW-1 WTA/500x300x15 pw-pw-pw 731412
BW-2 WTA/500x300x15 pw-pw-pw 321132
c
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dt
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Table 2.
Parameters of girders with corrugated web assumed for the dynamics analysis
Model
Type
of joint
Po
[kN]
mi
[kg]
m
[kg]
η
[kg/s]
K
[kN/m]
ω
[rad/s]
1 2 3 4 5 6 7
B-1
WTA/500×300×15 cw-cw
50 421 826 455 1.371E+7 128.833
50 1218 1623 752 1.375E+7 92.043
50 2349 2754 954 1.355E+7 70.144
B-2
WTA/500×300×15 pw-cw
50 421 856 450 1.660E+7 139.254
50 1218 1653 506 1.694E+7 101.241
50 2349 2784 734 1.685E+7 77.792
B-3
WTA/500×300×15 pw-pw
50 421 883 435 1.712E+7 139.254
50 1218 1680 454 1.722E+7 101.241
50 2349 2811 674 1.720E+7 78.232
BD-1
WTA/500×300×15 cw-cw
50 421 851 760 1.515E+7 133.444
50 1218 1648 1041 1.539E+7 96.640
50 2349 2779 920 1.505E+7 73.581
BD-2
WTA/500×300×15 pw-cw
50 421 881 311 1.569E+7 133.456
50 1218 1678 639 1.567E+7 96.642
50 2349 2809 886 1.549E+7 74.262
BD-3
WTA/500×300×15 pw-pw
50 421 908 268 1.617E+7 133.452
50 1218 1705 451 1.592E+7 96.642
50 2349 2836 850 1.593E+7 74.952
BW-1
WTA/500×300×15 pw-pw-pw
50 421 966 220 1.491E+7 124.250
50 1218 1763 392 1.493E+7 92.036
50 2349 2894 738 1.495E+7 71.873
BW-2
WTA/500×300×15 pw-pw-pw
50 421 985 311 1.411E+7 119.651
50 1218 1782 450 1.392E+7 88.380
50 2349 2913 1352 1.388E+7 69.030
Figure 5.
Graphs of displacements, in the initial stage, of the concentrated mass m of the system of girders, in accordance with the Voigt model:
a) BD-3; b) BW-1.
a b
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in which
The analysis of amplitudes of displacements was car-
ried out for girders with corrugated web, with semi-
rigid joints, namely B-1, B-2, B-3, BD-1, BD-2 and
BD-3, and also BW-1 and BW-2.
For the sake of theoretical analysis, girder parame-
ters listed in Table 2 were used. Column (2) shows the
assumed force that excites oscillations
Pocos(Ω t) = 50 kNcos(Ω t). In column (3), the mass
of the suspended mass load mi is given. In column
(4), the resultant concentrated mass m of the girder
+ mass load mi system is provided, which takes into
account the substitute mass of the girder mz. Column
(5) shows the viscosity coefficient η (determined on
the basis of measured damped free vibration from
formula η = ρ  2  m). Column (6) gives the integrat-
ed stiffness of the girder + mass load system. In col-
umn (7), angular frequency of undamped free vibra-
tion ω is given.
For the model of Voigt- Kelvin material, the dis-
placement q(t) of mass m of the girder + mass load
mi system, describing the pattern of harmonically
forced motion, was illustrated on the example of
BD-3 and BW-1 girders. The motion pattern was
shown for suspended mass load mi = 1218 kg, which
after taking into account substitute concentrated
mass of the girder, gives the concentrated mass
of the system m equal to: BD-3 = 1705 kg, and
BW-1 = 1763 kg.
For the parameters presented above, displacements
of the concentrated mass m of the system consisting
of the girder and mass of BD-3 girders with pw-pw
joint, and BW-1 girders with pw-pw-pw joint, in the
initial stage under resonant excitation, have the form
shown in Fig. 5 (at zero initial conditions qo = 0 and
vo = 0).
In the initial stage oscillatory motion of girders with
corrugated web and with flexible connections, under
resonant excitation, the so-called “quasi-beat” char-
acter of motion of low intensity is found. This effect
is attenuated in the steady state of the motion. The
phenomenon is more pronounced in BW-1 model.
“Quasi-beat” can be eliminated by increasing girder
integrated stiffness K, and thereby reducing damping.
The analysis of displacement amplitudes according to
the Voigt–Kelvin model was carried out for the
steady state of motion at varied frequency of excita-
tion covering the resonance range. Graphs showing
displacement amplitudes dependence on the fre-
quency of excitation were plotted for all girders, for
successive mass loads mi: 421, 1218 and 2349 kg.
(Fig. 6).
Maximum amplitude peaks are found for resonant
excitation with the first oscillation frequency. The
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Figure 6.
Amplitudes of displacement AV of concentrated mass m of
the system consisting of the girder + mass of girders built
from the Voigt material: a) B-1, B-2, B-3; b) BD-1, BD-2,
BD-3; c) BW-1, BW-2
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amplitude analysis indicates that B-1 girder with f-f
joint reaches the maximum deflection out of balance
faster than B-2 and B-3 girders with pw-cw and
pw-pw joints. A similar effect can be observed for
BW-1 and BW-2 girders. That is caused by lower
vibration frequency, at which both girders reach res-
onance. In Fig. 6a, 6c, resonance phase shift is denot-
ed as Δω. The effect is not shown for double-slope
girders. In contrast, in all girders with corrugated
web, with semirigid connections, difference in the
magnitude of amplitude is found. The greatest
deflections occur in girders with stiffer pw-pw and
pw-pw-pw joints, namely B-3, BD-3 and BW-1,
respectively. A reduction in rotational stiffness of
connections, which leads to a decrease in girder inte-
grated stiffness K, limits amplitude magnitude.
However, increase in connection stiffness reduces
damping, which makes the structure reach greater
amplitudes in harmonic excitation.
4. ANALYSIS OF OSCILLATORY
MOTION OF SIN GIRDERS ACCORD-
ING TO THE STANDARD MODEL
For the sake of comparison, the second stage of
investigations provided the analysis of oscillatory
motion performed in accordance with the standard
model. This model of material (Fig. 7b) is produced
by combining, in series, the Hook and Voigt-Kelvin
models. The standard model is characterised by the
occurrence of instantaneous deflection due to the
load applied. Therefore, it is a first-choice, basic
model of material, which makes it possible to esti-
mate instantaneous displacements frequently occur-
ring in steel structures.
In the standard model, the differential equation of dis-
placement q(t) in harmonically forced oscillatory
motion excited by force Pocos(Ω t) is as follows (6) [10]:
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a b
Figure 8.
Graphs of displacement, in the initial stage, of concentrated mass m of the system of girders according to the standard model
a) BD-3; b) BW-1
a b
Figure 7.
a) Girder built of the standard material; b) model of the standard material
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where:ρv = η/2m – damping acc. the Voigt–Kelvin model,ω1, ω2 – frequency of vibration of the first and second
spring acc. (7):
Solution of equation (6) takes on the form of overall
integral (8), being the sum of the overall integral of
homogeneous equation and a particular integral of
non-homogeneous equation. Formula (8) describes
the displacement of mass m of the girder + mass load
mi system, depending on the initial values of dis-
placement qo, velocity vo and acceleration ao:
in which C1, C2 and C3 represent integration con-
stants, and AS denotes sought amplitude of displace-
ment of mass m of the girder + mass load mi system
of harmonic vibration excited in the steady state,
according to the standard model. Amplitude AS was
determined from dependence (9) [2]:
in which
For the model built from the standard material, the
displacement q(t) of mass m of the girder + mass
load mi system, describing the pattern of harmoni-
cally forced motion, was illustrated on the example of
BD-3 and BW-1 girders, as it was the case for the
Voigt–Kelvin material.
The motion pattern was determined for suspended
mass load mi = 1218 kg, which after taking into
account substitute concentrated mass of the girder,
gives the concentrated mass of the system m equal to:
BD-3 = 1705 kg, and BW-1 = 1763 kg. It was
assumed that integrated stiffness of the girder K was
divided into K2 = (20/19)K and K1 = 20K. In the
standard model, damping ρv was assumed to corre-
spond to damping in the Voigt model, on the basis of
investigations into viscosity η.
For the parameters presented above, displacements
of the concentrated mass m of the system consisting
of girder and mass load mi of BD-3 girders with pw-
pw joint, and BW-1 girders with pw-pw-pw joint, in
the initial stage under resonant excitation, have the
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Figure 9.
Amplitudes of displacement AS of concentrated mass m of
the system consisting of the girder + mass of girders built
from the standard material: a) B-1, B-2, B-3; b) BD-1, BD-2,
BD-3; c) BW-1, BW-2
a
b
c
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form shown in Fig. 8 (at zero initial conditions qo = 0,
vo = 0 and ao = 0)
When the standard material model is employed, the
oscillatory motion of girders with corrugated web,
and with semirigid joints shows almost identical pro-
file as that of girders built from the Voigt–Kelvin
material. The minimal effect of the so-called “quasi-
beat” found in the initial stage fades away in the
steady state.
The analysis of amplitudes of displacements of girder
with corrugated web and with semirigid joints, in
accordance with the standard material model, was
performed for successively applied mass loads mi:
421, 1218 and 2349 kg. Graphs showing the depen-
dence of amplitude of displacement on the frequency
of excitation, plotted for girder parameters present-
ed in Table 2, are shown in Fig. 9.
It should be noted that when the standard material
model is used, frequencies of free vibration ω1 and ω2
are different, which is not the case for the
Voigt–Kelvin material model. That results from the
division of stiffness K. The maximum amplitudes of
displacement, however, occur in the final stage, in the
steady motion, at the frequency of free vibration ω
corresponding to resonant frequency in the
Voigt–Kelvin model.
In the standard model, like in the Voigt–Kelvin
model, resonance phase shift occurs for B-1, B-2 and
B-3, and also BW-1 and BW-2 girders. Resonance
phase shift was marked in Fig. 8a and 8c. However, in
double-slope girders, resonance phase shift is not
found.
When the standard model is used, considerable dif-
ferences in amplitude magnitude of individual girders
are observed. The highest amplitudes were reached
by the girders having stiffer pw-pw and pw-pw-pw
joints, i.e. B-3, BD-3 and BW-1, respectively.
Conversely, B-1, BD-1 girders with cw-cw joints and
BW-2 with pw-pw-pw joint, in which the damping
effect was significant, attained decidedly lower ampli-
tudes of displacement in forced motion. The ratio of
amplitude magnitudes in girders was: B-3/B-1 2.84;
BD-3/BD-1 1.51, and BW-1/BW-2 1.76.
It should be added that for the standard model, dis-
placement amplitudes of harmonically forced oscilla-
tory motion are up to 11% greater when compared
with the Voigt–Kelvin model.
5. CONCLUSIONS
Amplitudes of displacement of girders with corrugat-
ed web, with semirigid joints, built from the
Voigt–Kelvin material model and the standard model
depend on the integrated girder stiffness K. This stiff-
ness is directly affected by rotational stiffness Sj of
semirigid joints found in girders. Additionally, semi-
rigid joints alter frequency and damping of vibration.
Experimental investigations indicate that increase in
connection stiffness results in the reduction in damp-
ing. Thus in structures with stiff connections, due to
lower damping, a considerably greater amplitude of
resonant vibration is found. Due to the fact that semi-
rigid joints regulate amplitudes of displacement, they
can act as specific vibration dampers. In particular,
that refers to structures which are likely to be under
cyclic load, e.g. gusts of wind.
All girders with corrugated web, and with semirigid
joints, both build from the Voigt–Kelvin model and
the standard one, reach the maximum amplitudes of
displacement under the action of the excitation force
at resonant excitation, the frequency of which corre-
sponds to that of free vibration ω.
The highest amplitudes were reached by girders with
the stiffest pw-pw and pw-pw-pw joints. The maxi-
mum ratio of amplitudes was found for double-slope
girders BD-3/BD-1, and it was 2.84.
In simple girders with high differences in rotational
stiffness, the phenomenon of the resonance phase
shift occurs, which is attenuated in double-slope
girders.
Amplitudes of oscillations of girders built in accor-
dance with the standard model are up to 11% greater
than amplitudes of girders built from the Voigt-
Kelvin material. That results from the fact that stan-
dard model takes into account instantaneous dis-
placement correlated to the load applied.
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